Abstract: This paper considers two open problems associated with simultaneous stabilization of linear systems, namely French champagne problem and Belgian chocolate problem. Based on the recent development in automated inequality-type theorem proving, the explicit bounds which guarantee the existence of stabilizing controllers with fixed order are determined. In addition, two conjectures concerning the Belgian chocolate problem are formulated. Some numerical examples are worked out.
INTRODUCTION
Simultaneous stabilization of linear systems is a fundamental issue in system and control theory, and is of theoretical as well as practical significance. Simultaneous stabilization problem focuses on the following: When k = 1, this problem is reduced to the stabilization of a single system and there always exists a stabilizing controller for a single system provided no unstable polezero cancellations occur. Meanwhile, once a stabilizing controller of a single system is found, it is easy to parameterize the set of all stabilizing controllers of this system. This parametrization is known as Youla-Kucera parametrization discovered by Youla et al. (1976) and Kucera (1979) , respectively.
If k = 2, according to the Youla-Kucera parametrization, it is possible to rephrase simultaneous stabilization of two systems into strong stabilization (stabilization with a stable controller) of a single systems. This relationship was discovered for scalar systems by Saeks and Murray (1982) , and for multi-variable systems by Vidyasagar and Viswanadham (1982) . For the strong stabilization problem of a single system, Youla et al. (1974) established an elegant criterion: a system is stabilizable by a stable controller if and only if it has an even number of real unstable poles between each pair of real unstable zeros! This remarkable and easily testable condition is called PIP(Parity Interlacing Property).
For the case of simultaneously stabilizing k ≥ 3 systems, it is much more complicated than one expected. Vidyasagar and Viswanadham (1982) indicated that it is possible to transform simultaneous stabilization of k systems to strong stabilization of corresponding k − 1 systems. Blondel et al. (1994) proved that simultaneous stabilization of k systems is equivalent to bistable stabilization of associated k − 2 systems. Bistable stabilization means stabilization with a stable and inverse-stable controller. Such a controller is called bistable controller or unit controller. Although many necessary or sufficient conditions for simultaneous stabilization of three or more systems were obtained in recent years, easily testable necessary and sufficient conditions have not been found yet. Blondel and Gevers (1994) showed that the simultaneous stabilization of three systems is not rationally decidable, i.e. it is not possible to find tractable necessary and sufficient conditions for simultaneous stabilization of three systems that involve only a combination of finite arithmetical operations (addition, substraction, multiplication and division), logical operations (and, or) and sign test operations (equal to, greater than, greater than or equal to, less than, less than or equal to) on the coefficients of the three systems! To illustrate the complexity of the simultaneous stabilization problem of three systems, a specific simultaneous stabilization problem called French Champagne Problem (FCP) was proposed in (Blondel et al. 1993 ) and a bottle of good French champagne was offered for its solution.
For the equivalence between simultaneous stabilization of three systems and bistable stabilization of a single associ-
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The International Federation of Automatic Control Seoul, Korea, July 6-11, 2008 ated system, a difficult problem called Belgian Chocolate Problem (BCP) was proposed in (Blondel 1994) . In addition, concerning the general case, another one, namely Generalized Belgian Chocolate Problem (GBCP), was considered in (Blondel 1994 ). Blondel promised a kilogram of Belgian chocolate for the solution to each of these two problems. Patel (1999) gave the FCP a negative answer and solved it completely. Furthermore, a more general simultaneous stabilization problem, the Generalized French Champagne Problem (GFCP), was proposed in (Patel 1999) . For the BCP, the positive answer was given in (Patel et al. 2002) and (Burke et al. 2006) , respectively. Although many numerical improving results were reported in (Patel et al. 2002) , (Burke et al. 2006 ) and (Chang et al. 2007 ), the GBCP is still open up to now.
Apparently, when the degree of the controller is fixed, the controller design problem of simultaneous stabilization can be transformed in essence to the problem of how to solve a set of algebraic inequalities.
In the early 1950's, Tarski (1951) published the well-known work on the decidability of this kind of problems. Tarski's decision algorithm is of theoretical significance only, since it can not be used to verify any non-trivial algebraic or geometric propositions in practice due to its very high computational complexity. The Cylindrical Algebraic Decomposition (CAD) algorithm proposed by Collins et al. (1984) and subsequently improved by him and his collaborators is the first practical decision algorithm and can be used to verify non-trivial algebraic or geometric propositions on computer. Although, as a generic program for automated theorem proving, its computational complexity was still very high, the CAD and its improved variations have become one of the major tools for solving this kind of problems. Wu (1978) proposed a new decision procedure for proving geometry theorems. As an important progress in automated theorem proving, Wu's method is very efficient for mechanically proving elementary geometry theorem of equality type. The success of Wu's method inspired the research of algebraic approach to automated theorem proving. However, automated inequality proving has been a difficult topic in the area of automated reasoning for many years since the relevant algorithms depend on real algebra and real geometry. In 1996, Yang et al. introduced a powerful tool, the Complete Discrimination Systems (CDS) of polynomials, for automated reasoning in real algebra. By means of CDS, many inequality-type theorem from various applications have been proved or disproved.
Recently, combining discriminant sequences of polynomials with Wu's method as well as Partial Cylindrical Algebraic Decomposition, Yang et al. (1999 and 2001) proposed some algorithms which are able to discover new inequalities. These algorithms are complete for an extensive class of problems involving inequalities and are applicable to the controller design in simultaneous stabilization. Based on these algorithms, two generic programs called Discoverer and Bottema respectively were implemented as Maple packages. Some of the following results are obtained by calling Discoverer and Bottema.
In this paper, we investigate the GFCP and GBCP under the conditions that the degree of the stabilizers is fixed beforehand. Based on the recent development in automated inequality-type theorem proving, the explicit bounds which guarantee the existence of stabilizers with fixed order are determined. In addition, two conjectures concerning the GBCP are formulated.
FRENCH CHAMPAGNE PROBLEM AND BELGIAN CHOCOLATE PROBLEM
In this paper, all polynomials are of real coefficients. We denote by P the set of polynomials, P n the set of n-th order polynomials where n is an non-negative integer, H the set of Hurwitz stable polynomials (all roots lie within left half of the complex plane), H n the set of n-th order Hurwitz polynomials, M H n the set of monic n-th order Hurwitz polynomials. The variable of polynomials is s.
French champagne problem
The following problem is the well-known French Champagne Problem (FCP) of simultaneous stabilization.
French Champagne Problem (FCP) Does there exist a controller that simultaneous stabilizes the following three plants: Patel (1999) solved this problem by showing that there does not exist a stabilizing controller. In addition, a more general simultaneous stabilization problem, the Generalized French Champagne Problem (GFCP), was proposed by Patel (1999) , which contains the FCP as a special case.
Generalized French Champagne Problem (GFCP)
What is the range of real δ for the existence of a controller that simultaneously stabilizes the following three plants:
For simplicity of the presentation, let us give the following equivalent statement of this problem.
Problem statement 1 (GFCP')
What is the range of real δ for which there exist stable polynomials x(s) ∈ H n and polynomials
Obviously, the GFCP focuses on determining the range of δ when there exists a simultaneously stabilizer while the FCP asks whether δ = 1 17 is in the range. The following theorem in (Guan et al. 2007 ) gives a completely theoretical solution to the GFCP.
Theorem 1 (Guan et al. 2007 ) The necessary and sufficient condition for the existence of a controller that simultaneously stabilizes the following three plants:
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Although the GFCP was resolved theoretically by Guan et al. (2007) , it is still difficult in practice to construct the simultaneously stabilizing controller.
In the follows, some controller examples for the GFCP will be provided by applying Discoverer or Bottema (Yang et al. 1999 and 2001) . Without loss of generality, the denominator polynomials of the controllers are supposed to be monic. In addition, for convenience, only the case δ > 0 is considered.
Here, the real rational transfer functions are not necessarily proper, that is to say, the degree of numerator may be greater than that of denominator. Meanwhile, the existence questions are prior to the properness issues for the fact proven by Blondel (1994) , i.e. if k plants are simultaneously stabilizble by a non-proper controller, they are also simultaneously stabilizble by a proper controller. Indeed, due to the roots of a polynomial continuously depend on its coefficients, the proper controllers can always be found when the corresponding non-proper controllers exist. Remark 1 Example 1 shows that: 1) When the degree of the controller is restricted, the explicit bounds of δ can be obtained by using the packages developed by Yang et al. (1999 and 2001) . 2) Moreover, when δ is fixed, the range of the parameters of controllers can be obtained. Due to the completeness of the algorithms, the conditions obtained are both necessary and sufficient. Remark 3 From the computational experiments, it seems that the improvement on the bound of δ in the GFCP mainly depends on the increase on the order of numerator polynomials of the stabilizing controller. is a desired proper controller.
Remark 5
The value of δ appeared in Example 4 is a improvement over the minimal bound proposed in (Patel et al. 2002) .
Belgian chocolate problem
The following problems were proposed in (Blondel 1994 We give the equivalent statement of the GBCP as follows.
Problem statement 2 (GBCP') Let a(s) = s
What is the range of real δ for which there exist stable polynomials x(s) ∈ H n and y(
Apparently, the GBCP concerns the range of δ when there exists a bistable controller while the BCP asks whether δ = 0.9 is in this range.
For the BCP, many bistable controllers were obtained in (Patel et al. 2002) , (Burke et al. 2006 ) and (Chang et al. 2007) , respectively. Yet the GBCP is still open up to now.
17th IFAC World Congress (IFAC'08) Seoul, Korea, July 6-11, 2008 Note that stabilization of GBCP is impossible for δ = 1 since then an unstable pole-zero cancellation occurs in p(s). Conversely, stabilization is easy for δ < 0.5 (Burke et al. 2006 ). According to Blondel (1994) , there exists a number δ * < 1 such that stabilization is possible for all δ < δ * , but impossible for δ ≥ δ * . That is to say, there exists a critical value which splits the stabilizable and unstabilizable parameter region. Thus the GBCP reduces to determining δ * . A theoretical bound for δ * was first given in (Rupp 1994) and improved further in (Blondel et al. 1995) . These bounds were given for an equivalent problem in the z-domain. The corresponding result in the s-domain is given below. It is known that δ * lies in the following range:
According to (Patel et al. 2002) , we know that δ * > 0.937. In addition, (Burke et al. 2006) improved the results by finding a bistable stabilizer when δ = 0.94375 and predicted that δ * > 0.951. Recently, some improving numerical results were reported in (Chang et al. 2007 ). Now, it is known that δ * > 0.973974.
In this section, we concern the GBCP under the conditions that the degree of the stabilizers is fixed beforehand. Thus we hope to indicate the interesting relationships between the explicit bounds of δ and the degree of the controllers.
We firstly prove the following proposition:
Proof: See Appendix A.
In the follows, we will provide some controller examples for the GBCP by applying Discoverer or Bottema. Here we also suppose that the denominator polynomials of the controllers are monic. (Burke et al. 2006 ).
In addition, more precise details about the distribution of δ * and a conjecture to the GBCP can be found in Appendix C.
Remark 6
As a special case, we know that there does not exist δ ≥ 0.96 with
A conjecture to generalized Belgian chocolate problem
Consider the cases of controllers with x(s) ∈ M H n (n = 1, 2, 3, 4) and y(s) ∈ H 0 . Note that for the real variable δ → δ * n , there exists a(s)x(s) + b(s)y(s) → s n+2 . Meanwhile, notice that the necessary condition on the stability of real polynomial requires all coefficients of the polynomial to be of the same sign. Thus each δ * n (n = 1, 2, 3, 4) can also be obtained by solving a set of corresponding equations.
Furthermore, a set of necessary conditions concerning δ * n in the GBCP can be formulated from a generalization of these properties, and can be stated as the following conjecture:
Conjecture 1 For the case of controllers with structure x(s) ∈ M H n (n = 1, 2, . . .) and y(s) ∈ H 0 , each δ * n is equal to or less than δ n , where δ n is the largest real root of the following continued fractions
From Maple 9, we can obtain: . . . It is easy to see that δ * n = δ n for n = 1, 2, 3, 4 and δ * n < δ n for n > 4.
On the other hand, as n gets larger, δ n is found to get closer and closer to 1, yet even δ 90 = 0.9998510240 . . . is less than the theoretical upper bound of δ * proposed in (Blondel et al. 1995) , namely δ * upper = 0.99998000019999 82.
Consequently, a stabilizer with fifth-order was presented for δ
